Abstract. Two equivalent metrics can be compared, with respect to their uniform properties, in several different ways. We present some of them, and then use one of these conditions to characterize which metrics on a space induce the same lower Hausdorff topology on the hyperspace. Finally, we focus our attention to complete metrics.
Introduction
Throughout the paper, we will always denote by X a metrizable topological space, by M(X) the set of all metrics which induce the topology of X, and by C(X) the collection of all closed subsets of X, including the empty set.
The symbol N will denote the set of natural numbers, not including 0. . Surprisingly enough, this is no longer true for lower Hausdorff topology (see Example 1.2 below); a weaker condition is needed, rather than uniform equivalence. The aim of this paper is to identify this condition.
In the sequel we shall use the following result.
Lemma 0.1 (Efremovič). Let (x n ) n∈N and (y n ) n∈N be two sequences on a metric space (X, d); suppose that a positive number ε exists such that
Proof. See [1, Lemma 3.3.1], or [5, Lemma 12 .7] where a more general statement is proved.
Uniform properties of metrizable spaces
Let X be a metrizable space and d, ρ ∈ M(X); we consider the following properties:
(U0) The uniformity induced by d is coarser than the one induced by ρ. 
The sets A = {a n | n ∈ N} and B = {b n | n ∈ N} are both d-uniformly
This follows from the obvious fact that a set S is totally bounded if and only if every uniformly discrete subset of S is finite.
There are examples showing that the previously proved implications are not reversible.
Example 1.2. Let X be the open interval ]−π, π[ of the real line; for each s, t ∈ X put d(s, t) = |s − t| and ρ(s, t)
= e is − e it : then d and ρ are equivalent metrics which give rise to different totally bounded uniformities on X. Hence the implication (U1) ⇒ (U0) does not hold.
Both d and ρ induce the discrete topology on X.
Given any d-uniformly discrete set S ⊂ X and any set T ⊂ X disjoint from S, since S \ N must be finite, we necessarily have
This shows that (U2) does not imply (U1), in general.
and f (−1/n) = n − 1/n for each n ∈ N: as in the previous example, both d
and ρ induce the discrete topology on X. Every d-uniformly discrete subset of X contains at most finitely many elements of A, and therefore it is also ρ-uniformly discrete; on the other
This shows that (U3) does not imply (U2), in general. Example 1.5. Consider the set X = {s n | n ∈ N} where, for each n ∈ N,
The totally bounded subsets of X are the same for both metrics (namely the finite ones); on the other hand X is uniformly discrete with respect to d, but not with respect to ρ. Hence (U4) does not imply (U3). Proposition 1.6. Condition (U4) above is equivalent to the following: N} is a d-complete subspace, hence ρ-complete; but then it must be compact, and we get a contradiction.
Hyperspaces of metrizable spaces
In this section we give necessary and sufficent conditions under which the inequality H
First, we need some preliminaries.
Lemma 2.1. Condition (U2) above is equivalent to the following:
Proof. y n ∈ B with ρ(x n , y n ) < 1/n, which implies that lim n→∞ ρ(x n , y n ) = 0, while d(x n , y n ) ≥ ε for each n ∈ N. It remains to prove that the set {x n | n ∈ N} is infinite, so that the sequence (x n ) n∈N has a d-uniformly discrete subsequence, which shows that (U2 ) does not hold. Suppose on the contrary that there is some a ∈ A with x n = a for infinitely 
Theorem 2.3. Let X be a metrizable space and d, ρ ∈ M(X). The topology H − d on C(X) is coarser than H − ρ if and only if condition (U2) holds.
Proof. In view of the previous lemma, we may prove that condition H
Suppose (U2 ) is false: so we can find a sequence (x n ) n∈N which is uniformly discrete -i.e. there exists r > 0 with d(x m , x n ) ≥ r whenever m and n are distinct -and a sequence (y n ) n∈N such that lim n→∞ ρ(x n , y n ) = 0 while for some ε > 0 we have d(x n , y n ) ≥ ε frequently; we may assume, Since lim n→∞ ρ(x n , A n ) = 0, for every n ∈ N we can find y n ∈ A n in such a way that lim n→∞ ρ(x n , y n ) = 0, too. On the other hand,
For our second characterization of the inequality H
we need to introduce some terminology. Definition 2.4. Let X be a metrizable space and d ∈ M(X). We say that a family E of subsets of X is d-wide if -the union of infinitely many members of E is not d-totally bounded; -inf
Theorem 2.5. Let X be a metrizable space and d, ρ ∈ M(X). The following are equivalent: Proof. Assume (i) and suppose that E is a d-wide family of d-totally bounded subsets of X which is not ρ-wide: in view of Theorem 2.3 and Proposition 1.1 (namely the implication (U2) ⇒ (U4)) we may assume that inf E∈E diam ρ E = 0. So, let (E n ) n∈N be a sequence of pairwise distinct members of E with lim n→∞ diam ρ E n = 0; as E = ∞ n=1 E n is not d-totally bounded, there exists ε > 0 and an infinite subset H of E such that d(a, b) ≥ ε whenever a and b are distinct elements of H. Since the members of E are d-totally bounded, none of them can contain infinitely many points of H: therefore H meets E n for infinitely many n's andup to extract a subsequence -we may suppose that H ∩ E n = ∅ for every n ∈ N. Thus for each positive integer n we may take x n ∈ H ∩ E n assuming, with no loss of generality, that x m = x n whenever m = n, so that the sequence (x n ) n∈N is d-uniformly discrete; if for every n ∈ N we
On the other hand lim n→∞ ρ(x n , y n ) ≤ lim n→∞ diam ρ E n = 0, which shows that (U2 ) does not hold. By Theorem 2.3, we have a contradiction; hence (i) ⇒ (ii).
In view of Theorem 2.3, to complete the proof it suffices to show that (iv) implies (U2 ). So, suppose (U2 ) is false: we have two sequences (x n ) n∈N and (y n ) n∈N , one of which -say the former -is d-uniformly discrete, such that lim n→∞ ρ(x n , y n ) = 0, but for a suitable δ > 0 we have d(x n , y n ) ≥ δ frequently, and there is no restriction in assuming that in fact d(x n , y n ) ≥ δ for each n ∈ N. Letting F n = {x n , y n } for every n ∈ N defines a countable family F of finite sets. The union of any infinte subfamily of F cannot be d-totally bounded (because it contains infinitely many members of the sequence (x n ) n∈N ) and inf n∈N 
Complete metrics
In this section we will consider the case when X is completely metrizable, and one of the metrics under consideration is complete. 
Proof. We prove the implication (U3) ⇒ (U0), and the result will follow from Proposition 1.1. Suppose (U0) is false; the identity map from (X, ρ) to (X, d) is not uniformly continuous, hence there exist ε > 0 and two sequences (x n ) n∈N , (y n ) n∈N such that ρ(x n , y n ) < 1/n and d(x n , y n ) ≥ ε for every n ∈ N. By Efremovič's lemma we may assume, up to extract a subsequence, that
To complete the proof it suffices to show that there is a strictly increasing sequence (n k ) k∈N of positive integers such that both the subsequences (x n k ) k∈N and (y n k ) k∈N are d-uniformly discrete, for in this case the set
but not ρ-uniformly discrete (because of (3.1)). First, suppose that (x n ) n∈N is d-totally bounded: up to extract a subsequence, we may assume that it is d-Cauchy; since d is complete, (x n ) n∈N converges to some z ∈ X and, by (3.1), (y n ) n∈N also converges to z, but this contradicts (3.2). Thus, there exists a subsequence (x m h ) h∈N of (x n ) n∈N which is d-uniformly discrete. Then (y m h ) h∈N cannot be d-totally bounded (otherwise we get a contradiction by arguing in a similar way as we did above in case (x n ) n∈N is d-totally bounded); again, there exists a subsequence y m h k k∈N of (y m h ) h∈N which is d-uniformly discrete. Putting n k = m h k for every k ∈ N gives the required strictly increasing sequence of integers. Proof. It follows immediately from the previous result and Theorem 2.3.
Note that, even in case both d and ρ are complete, conditions (U3) and (U4) remain different, as shown in Example 1.5 above.
Remark 3.3. We have dealt with metric spaces only. But it is well-known that the Hausdorff topology may be defined on the hyperspace of a uniform space as well.
It turns out, as observed by one of the referees, that Theorem 2.3 admits a suitable reformulation for this more general situation. On the contrary, Corollary 3.2 does not extend to complete uniform spaces.
